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LOCALIZING VIRTUAL CYCLES BY COSECTIONS 



YOUNG-HOON KIEM AND JUN LI 



Abstract. We show that a cosection of the obstruction sheaf of a perfect 
obstruction theory localizes the virtual cycle to the non-surjective locus of 

bX)' the cosection. We construct localized Gysin map and localized virtual cycles. 

^2 . Various applications of this construction are discussed. 



1. Introduction 



Invariants defined by virtual cycles of moduli spaces have played important roles 
in research in algebraic geometry. Invariants of this kind include the much studied 
1-^ ' Gromov-Witten (in short GW) invariants of varieties, and the recently introduced 

d , Donaldson- Thomas (in short DT) invariants of Calabi-Yau three-folds. 

One of the main challenges in studying such invariants is to develop techniques 
for investigating virtual cycles. In this paper, we will present a new technique, 
which we call the localization by cosection of obstruction sheaf (Theorem II. ip . 
This is achieved after constructing a localized Gysin map f Proposition II. 3p . 



Theorem 1.1 (Localization by cosection). Let M be a Deligne-Mumford stack 
^^ \ endowed with a perfect obstruction theory. Suppose the obstruction sheaf ObM 

fT^ ' admits a surjective homomorphism a : Ob_\4\u ~^ C(7 over an open U <Z M.. Let 

A^((t) — M.\U . Then (A4, a) has a localized virtual cycle 



[A^CGAA^(a). 

This cycle enjoys the usual properties of the virtual cycles; it relates to the usual 
virtual cycle [A4]™' via [MY" = i*[-^]kjc ^ A^M, where t : M{a) -^ M is the 
!^ ' inclusion. 

X, 

H , This work originated from our effort to understand Lee-Parker's discovery that 

GW-invariants of surfaces with holomorphic two-forms localize along the loci of sta- 
ble maps to canonical divisors |llj . We show that a holomorphic two- form induces 
a cosection of the obstruction sheaf of the moduli space; applying localization by 
cosection we recover and generalize Lee-Parker's theorem as follows. 

Let X be a smooth quasi-projective variety with a holomorphic two-form 9 G 
H^{Vt\). Let M.g^n{X,(3) denote the moduli stack of n-pointed stable maps of 
genus g io X with homology class /3. The two-form 9 on X induces a cosection a 
of the obstruction sheaf of Mg^n{X, /3); the degeneracy loci M{a) consist of stable 
maps [u : C -^ X] satisfying 9{u^,TC) = (called 0-null stable maps) where 9 is 
viewed as an antisymmetric homomorphism Tx -^ ^x- Applying the localization 
by cosection, we obtain 
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2 YOUNG-HOON KIEM AND JUN LI 

Theorem 1.2. For a pair {X,0) of a smooth quasi-projective variety and a holo- 
morphic two-form, the virtual fundamental class of M.g,n{X, j3) vanishes unless /3 
is represented by a 9-null stable map. 

The localization by cosection has other applications in the study of GW-invariants 
and of DT-invariants. One is the work on quantum cohomology of Hilbert scheme 
of points by W.-P. Li and the second named author. Using meromorphic two-forms 
of algebraic surfaces, they determined the two-point extreme quantum cohomology 
of the Hilbert scheme of points of any algebraic surface [12] . 

A special but important case is when the cosection is regular and surjective ev- 
erywhere. In this case, a reduced virtual cycle can be defined using localization 
by cosection. The notion of reduced virtual fundamental class was first introduced 
by Okounkov-Pandharipande in [18j §3.4.3] for GW-invariants of symplectic va- 
rieties. In studying curve counting [17] , Maulik-Pandharipande-Thomas use the 
localization of virtual cycle by cosection to define the reduced Gromov-Witten and 
Pandharipande-Thomas invariants of a class of Calabi-Yau three-folds; in the ap- 
pendix of the same paper, they provide an in-depth discussion on the relationships 
between reduced class construction and usual deformation-obstruction theories. 

Another application of reduced virtual cycle appears in a recent paper [7j : the 
authors use the localization by cosection to prove a C*-wall crossing formula of 
DT-invariants by producing a reduced virtual fundamental class of master space. 

The proof of localization by cosection fTheorem ll.l[) consists of two parts. In one 
part, we prove that the intrinsic normal cone of the perfect obstruction theory of A4 
lies in the kernel cone stack of the cosection a. In particular, if there is a surjective 
homomorphism a : ObM — > £ to a locally free sheaf £, the intrinsic normal cone 
lies in a smaller cone stack and we can define a reduced virtual fundamental class. 

The other part of the proof is the construction of the following localized Gysin 
map. 

Proposition 1.3 (Localized Gysin Map). Let E be a rank r vector bundle on a 
Deligne-Mumford stack M, and let cr be a meromorphic surjective cosection of E, 
meaning that there is an open U C M. so that a is a surjective homomorphism 
a:E\u-^ Ou- Let M{cf) ^ M\U and let E{a) = E\M(a) U ker{cr : E\u -^ Ou}- 
The Basic Construction stated in Section 2 defines a homomorphism 

s-E,a ■ A^E{a) ^ A.^.^rM{a), 

which we call the localized Gysin map. Furthermore, if we denote the inclusions by 
i : M{a) -^ M, I : E{a) —5- E, and let se ■ A^,E — ^ A^,^rM be the usual Gysin 
map of intersecting with the zero section of E, then we have 

i* o s'^^^ ^ s'e oi* ■ A^,E{a) -^ A^,^rM. 

By applying the localized Gysin map to the intrinsic normal cone in E{<t), we 
obtain the localized virtual cycle [A^]J'oJJ in Theorem ll.il 

The paper is organized as follows. In Sections 2 and 3, we construct the localized 
Gysin map. In Section 4, we show that the intrinsic normal cone lies in the kernel 
cone stack. In Section 5, we define the localized virtual cycles and prove its defor- 
mation invariance. An application of this localization technique to GW-invariants 
of varieties with holomorphic two-forms is presented in Section 6. In Section 7, we 
discuss other possible applications. In the Appendix, we give an analytic definition 
of the localized Gysin map and prove its equivalence with the algebraic definition. 
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Addendum. The current version is the replacement of the first half of 6 . Our 
prior treatment of localization by cosection used a topological definition of localized 
Gysin map [6 , which limits its application in algebraic geometry. In this paper, 
we provide an algebraic construction of localized Gysin map, including the Chow 
groups of the total space of a cone-stack over a Deligne-Mumford stack. This makes 
it possible to directly apply other developed techniques on virtual cycles to localized 
virtual cycles. 

In the sequel of this paper, we will prove a degeneration formula of localized 
GW-invariants, and include its application worked out in 6 in proving Maulik- 
Pandharipahnde's conjecture ([H]) on degree two GW-invariants of surfaces. 

Notation: In this paper, all schemes and stacks are defined over the complex 
number field C We will use Z,,X (resp. A,,X] resp. IV* X) to denote the group of 
algebraic cycles (resp. group of algebraic cycles modulo rational equivalence; resp. 
group of rational equivalences) with Q-coefficients. 

Since we will be working with locally free sheaves and cycles in the total spaces of 
the vector bundles associated to the locally free sheaves, to streamline the notation, 
we will use the same symbol to denote a locally free sheaf as well as its associated 
vector bundle. Thus, given a vector bundle (locally free sheaf) E, by Z,_E we mean 
the group of cycles of the total space of £', and by _E —> ObM we mean a sheaf 
homomorphism Om{E) — > OIim- 

Given a subvariety T C E, we denote by [T] G Z^E its associated cycle, and 
denote by [T] G A^,E its rational equivalence class in A^.E. 

Acknowledgment: The first named author is grateful to the Stanford Mathe- 
matics department for support and hospitality while he was visiting during the 
academic year 2005/2006. We thank J. Lee and T. Parker for stimulating questions 
and for pointing out several oversights in our previous draft. 

2. Localized Gysin maps 

Let TT : E ^ Ai he a. rank r vector bundle over a Deligne-Mumford (DM for short) 
stack 7W. The usual Gysin map s-^ : AdE -^ Ad-r-M is defined by "intersecting" 
cycles in E with the zero section se of E. 

In this section, we suppose that E has a surjective meromorphic cosection a. 

Definition 2.1. A surjective meromorphic cosection is a surjective homomorphism 
a : E\ij -^ Ojj for an open substack U <Z M.. 

Remark 2.2. For the purpose of defining localized Gysin map, the degeneracy locus 

of a meromorphic cosection a : E > Om includes the loci where a is undefined 

and where a is not surjective. In the definition above, the open U is the locus where 
a is defined and surjective. 

For such a a, we let Mia) ^ M.\U , let G = kcrjcr : E\u -^ Ou^ and let 
E{p) = i?|x(cr) U G, which is closed in E. The goal of this section is to define a 
localized Gysin map 

4,^ : AdE{a) ^ Ad-rM{G) 

that has the usual properties of the Gysin map and coincides with s^ when com- 
posed with the tautological Ad-rM.{a) — > Ad-rM.- 
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Definition 2.3. Let p : X ^ Ai be a morphism from a variety X to M such 
that p{X) n C/ ^ 0. We call p a a -regularizing morphism if p is proper, and p*{(j) 
extends to a surjective homomorphism 

d:E:=p*E^Ox{D) 

for a Cartier divisor D C X. We adapt the convention that p : E ^f E is the 
projection; G := kerjfT} C E; \D\ d X is the support of D, and p{a) : \D\ — > M.{a) 
is the p restricted to \D\. 

Basic Construction: Let [B] G ZdE{a) be a cycle represented by a closed integral 
substack B C E{a). In case B C -E|A4(cr); ^e define s'E,a{[^\) — ■^bi {[B]) G 
Ad-r.M{<j)- Otherwise, we pick a variety X and a a-regularizing p : X ^ A4 such 
that there is a closed integral B C G so that pt,{[B]) = k ■ [B] G Z^E for some 
fc e Z. We define 

(2.1) 4,.([i?])p,B = k-' ■ p{aU[D] ■ s-^{[B])) e Arf_,X(a). 

Here [D]- : A^,X — > ^,_i|Z?| is the intersection with the divisor D. 

Lemma 2.4. Let the notation be as in the basic construction. Then for each 
closed integral B C E{a) not contained in £^|^(o.), we can find a pair ip,B) so 
that s'e ai\-B]) B *'' defined. Furthermore the resulting cycle class S'^ ^([B]) ^ G 
Ad-r-^{o') is independent of the choice of{p,B). 

Proof. We let i? C E' be as in the statement of the Lemma; we let Bq ~ vr(i?) C yM, 
where n : E ^ Ai is the projection. To pick p, we then pick a normal variety X 
and a proper and generically finite morphism p : X -^ Bq. Since A^ is a DM-stack, 
such p exists. Using p, we pull back E — p*E, and p*a : p*E\p-ijj -^ Op-nj. Since 
BxmU ^$,p-^U ^^. 

Next, possibly after replacing X by a blow-up of X, we can assume that p*a 
extends to a surjective homomorphism a : E ^ Ox{D) for a Cartier divisor D C X. 
Thus p is a cr-regularizing morphism. We let p : E ~^ E and G C -E be as defined 
in Definition 12.31 

Since p : X ^ Bq is generically finite, there is an open O C -Bq so that 
p\p-^o ■ P ^O ^ O is flat and finite. We let B be an irreducible component 
oi p~^{B n TT^^{0)). Since B is integral and p is proper, p{B) = B, thus p*([i3]) = 
k[B] for an integer k. This shows that s^ o-([^])p b ^^ defined according to the Basic 
Construction. 

We next check that s^.^li-S]) ^j is independent of the choice of {p,B). Let 
p' : X' ^- M, E' := p'*E and B' C E' be another choice that fulfills the requirement 
of the Basic Construction, thus giving rise to the class s'^ o-([^])p' b' G Ad-rAi{,cr). 
We show that 4,([B])^ ,5 - 4,([B])^, ,j,. 

We form Y = X x_m X'; denote by g : F — > X and q' -.Y ^ X' the projections, 
and hy p -.Y ^f M. the composite p o q = p' o q' . Since p : X -^ Ai is generically 
finite and i? — )■ X is dominant, B Xe B' contains a pure dimension d irreducible 
component B that surjects onto B and B' via the tautological projections q : E := 
p*E -^ E and q' : E ^ E', respectively. 

We claim that there is an isomorphism OY{q*D) = Oyiq'*!)') so that 

(2.2) q*d- = q'*a' : E = q* E = q'*E' — ^> OY{q*D) = OY{q'*D'). 
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Indeed, since g*(7|p-i[/ — q'*(J'\p-iu = p*cr|p-n/, the kernel sheaves ker{(7*(7}|p-i[/ — 
ker{g'*(7'}|p-iy . Smce both are subsheaves of the locahy free sheaf E, the two ker- 
nels are identical. Therefore, since both q*a and q'*d' are surjective, we obtain (|2.2I) . 
Furthermore, since when restricted to p~^U the last isomorphism in (j2.2p is the 
identity, the arrow in ([22]) sends 1 £ T{OYiq*D)\p-iu) to 1 e T{OY{q'*D')\p-ii;). 
This conclude that q*D = q'*D' as divisors. We denote this divisor by D. 

We let a = q*a = q'*a', and let G = kerjo-}. By ([l^), G is the pull-back of G 
via q* and of G" = kerjo-'} via q'*. Back to _B, since B ^ i?|A^(o-), S C E[a) and 
p(i?) = _B, we have B C G. We let fc^ be the integers so that 

um^k,[B], qiim ^ k2[B'], p4m^h[B], p^hb']) ^ k^B]. 

Then since po q = p' o q\ we have kiks = k2k4. 

We let p{a) : |i!)| ^ 7W(cr)_, g(cr) : |£)| -^ \D\ and p(ct) : |i:»| -> X(cr) be the 
restrictions of p, q and p to |D| and \D\, respectively. Since the projections q and 
p are proper and because q^^G = G, applying the projection formula (and using 
D ~ q*D), we obtain 

4,.([S])p,B = (kik:,)-' ■ p{aU[D] ■ 4([B])) = ik,k,r' ■ piaUiD] ■ s-^Hq.B])) 
= fcg-i • p{aU[D] ■ s^ ([B])) = 4,.([S])p,B- 
Similarly, we have s;^ cri[-^])p,B — ^'e o-d^Dp' s'- This proves the Lemma. D 

The Lemma shows that the Basic Construction defines a homomorphism 
(2.3) 4_, : ZaE{a) — ^ A^^rMia). 

We next check that this homomorphism descends to a homomorphism AdE{a) -^ 
Ad-r-M{a). We need a simple Lemma. Let — > Fi — > F2 — > F3 — > be an exact 
sequence of vector bundles (locally free sheaves) on a variety Y. Let r^ = ranki^^ 
and Pi : Fi — >■ y be the projections. Let i : Fi —^ F2 he the inclusion. 

Lemma 2.5. For btij/ cj/cZe a G A^Fi, we /laue 

Sp^_ (t,a) = Cr3 (F3) n s'p^ (a) = s'p^ (cr, (F3) n a) 

Froo/. By [4, Thm 3.3], there is a cycle B e Zd-nY so that a = plB e A*Fi. Since 
p|_B is the total space of Fi restricted to B, its Segre class is s{plB) — c{Fi)^^ DB, 
where c{Fi) is the total Chern class of Fi. By the formula expressing Gysin map 
in terms of the Segre class IH Prop. 6.1], 

4(t*a) = sk(K^) = [c{F2)n{c{Fi)-^nB)]d-r, = [0(^3) ns]d-,., - 0,3(^3) ns. 

On the other hand, 

4(cr3(^3) n a) = 4(c.3(F3) n [plB]) = Sp^{pl{cr,{Fs) n [B])) - c.3(F3) n [B]. 
This proves the Lemma. D 

The same method proves the following Lemma that will be useful later. Let 
p' : X' -^ M he a a-regularizing morphism; let a' : E' ^ p'*E -> Ox'{D'), 
G' — kerjo-'}, and p'(cr) : \D'\ -^ M.{a) he the tautological projection, as in the 
proof of Lemma [ 



Lemma 2.6. Let the notation be as before. Suppose [B'] £ ZdG' such that p'^[B'] 
e ZdE. Then p'ia)4[D'] ■ s'-^,{[B']) = £ Ad-rMia). 
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Proof. We let B = p'{B'). Since p' is proper, B is closed and integral in E] since 
p'^{\B']) = in ZdE, diniB < d. We let Bq = 7r(B) C M. We then pick p : X -^ M 
a (T-regularizing morphism so that p{X) = Bq and p : X ^ Bq is generically finite. 
We form Y = X Xm X' and let p : y — ;■ A^ be the induced morphism. As 
in the proof of Lemma [2.41 (and using the notations developed in the proof), we 
have E ^ p*E -^ Y, q' : E ^ E' and an integral B C E so that q'{B) = B' . 
Let q : E ^f E and let B — q{B). Since B is integral, since p{B) = B, since 
_B — 5- _Bo is dominant, and since p : X ^ B^ is dominant and generically finite, 
dimS = dimp(i3) = dimSo < d. Thus q*{[B]) = G ZdE. Therefore, 

p'{aU[D'] ■ 4([B']) = p{oy.m ■ s'-^m)) = pm*([^] • ^'m*B])) = 0. 

This proves the Lemma. D 

We next show that the map s^ ^ preserves rational equivalence. In this paper, 
we adopt the the convention that a rational equivalence R G WdE is a sum R — 
Sqga '^a[Sa, 0q], where Sa C E are (d + l)-dimensional closed integral and </)„ S 
,)*. We also use DqIS, 0] ==(</) = 0) • [S] and 9oo[S', 0] = ((/) = oo) • [S"]. 



Lemma 2.7. For i? e WdE{a), s'-^JdoR) = 4^,(aooi?). 

Proof. We only need to prove the Lemma for R = [SjCJ)] G W(iF(cr), where 5 C 
E{a) is closed and integral. In case 5* C Elj^i^^-j, then both OqR and dooR G 
Z(iii'|jV!((j), and the required identity holds because the usual Gysin map s^i : 

^d{E\M{cr)) ~^ Ad-r.M{a) preserves the rational equivalence. 

We now suppose S ^ ^Iai(ct)- We let 5*0 = 7r(5) C M. We pick a proper 
and generically finite cr-regularizing p : X -^ Ai so that p{X) ~ So. We let 
a : E := p*E — >■ Ox{D) be the surjective homomorphism extending p*a. By 
Lemma 12. 4[ such p exists. Because p is generically finite, we can find a closed 
integral d+1 dimensional S C E so that with p : E ^ E the projection, p{S) = S. 

We let G = kerJCT : ^ -^ Ox (£»)}• Because 5 C E{a) and S* ^ £;|a4(<t), S C G. 
We let be the pull-back p*(l), and let R = [5*, (^]. Thus, p*^ G WdE{a) and 
p*i? = k ■ R, for an integer fc; since /5 is proper, 

(2.4) p^idoR) ^ k ■ doR and p^id^R) = k ■ d^R. 

We now decompose the cycle 9o^ = Bi + B2 so that each summand [T] G Bi 
(resp. [T] G -82) satisfies T C i?|Ai(cr) (resp. T ^ -E|ai(ct))- We also decompose 
dooR = Ci + C2 according to the same rule with Bi replaced by d. 

For doR, we decompose it into the sum of three parts doR — Bq + Bi + B2 
so that [T] G Bo (resp. [T] G Bi; resp. [T] G B2) satisfying p4[T]) = (resp. 
T C F'liDi; resp. T g!. E\\u\). By moving aU summands [T] with p*[r] = to 
Bq, no [T] appears simultaneously in two of the three factors Bq, Bi and B2. We 
decompose dooR = Cq + Ci + C2 according to the same rule with Bi replaced by 
Ci. By (|2.4|) . and using the property of the decompositions, we have p*{Bi) = k-Bi 
and p*{Ci) — k ■ Ci ioi i = 1, 2. 

Applying the definition of s'^ ^, to doR (resp. dooR)- 

SE^doR) = 4|^<.,(Si) + k-'p{<jU[D] ■ s-^{B2)), 

(resp. same formula with doR replaced by dooR), we obtain identities in Ad-rM{(T): 

4,(9oi?) - 4,.(9ooi?) = 4|^(„, {Bi - Ci) + fc-1 • p{aU[D] • s^(B2 - ^2)). 
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We claim that 

nfrr\ { \ D] . , . 



(2.5) Pi'y)*{[D] ■ s'ridoR - ^oo^)) = G Ad-rMia). 



This is true because s>,(9o-R — 9ooi?) = £ A^^r+iX, and p(cr)* and [D]- preserve 



J 

rational equivalence. 

Applying Lemma 12.61 we also have 

(2.6) Pi'y)*m ■ s'^iBo)) = p{<7U[D] ■ s'^iCo)) - G Ad-rM{a). 

Furthermore, because of Lemma 1^751 and that Bi and C\ lie over \D\, 



p{<7U[D] ■ s'-^{B, - Ci)) - piiU^l,^^ (Si - Ci) - 4|_^^^^ (p,Bi - p^Ci). 

Therefore, using B2 - C2 = (doR - d^R) - (Bq - Cq) - (Bi - Ci), ([23]) and 
(12. 6p . and /0*(Bi) = k- Bi and same for Ci, we obtain s'g ^{doR) — s'^ ^{dooR) — 0. 
This proves the Lemma. D 

Corollary 2.8. The Basic Construction defines a homomorphism 

Se^^ : A^E{a) -^ A^^rM{a), 

which we call the localized Gysin map. Furthermore, if we let l : A4{a) — >■ A4 and 
I : E{a) -^ E he the inclusions, then i* o s^g g- ~ *£ ° '-* • A^,E{(j) — > A^-^Af • 



Proof. The first part is the combination of Lemma 12.71 and 12.41 The second part is 
the consequence of Lemma 12.51 D 

Example 2.9. Let M he an n-dimensional smooth scheme, E a vector hundle on 
M and a : E ^ Om o- cosection so that a~^{0) — p is a simple point in M. Let 
[M] he the cycle of the zero section of E in ZnE{a). Then s'^ ^{[M]) = (— l)"[p]. 

The proof is straightforward. We blow up AI at p to get p : M —^ M with 
D C M the exceptional divisor. We let F — kei{p*E -^ 0^:^(— _D)}, and compute 
Sp{[M]) = Cn-iiF)[M] = [Dr-\ Thus, 

4,.([M]) - p^l-D] ■ 4([M])) = p^-iDD - (-l)"[p]. 

3. Localized Gysin maps for bundle stacks 

To construct localized virtual cycles, we need to generalize the localized Gysin 
map to bundle stacks over a DM stack A4. 

Let E' £ D{M) be a derived (category) object that is locally quasi-isomorphic 
to a two-term complex of locally free sheaves concentrated at [0, 1]. We let E = 
h^/h°{E*), which is a bundle stack isomorphic to E^/E° in case E* =,45 [i?° — >• E^] 
(cf. 0). 

In case there is a vector bundle V that surjects onto E, one defines s^ : ^*E ^■ 
A^,M. as the composite of the flat pull-back ^*E — >■ A^y and the Gysin map 
sy : A^V -^ A^M. 

Without such a vector bundle, one can either use the intersection theory devel- 
oped by Kresch [S] to define s^, or follow the recipe developed in [T3] by the second 
named author. We will follow the latter approach in this paper. 

We suppose there is a surjective homomorphism of sheaves on an open substack 

(3.1) a:h\E')\u^Ou. 
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It induces a morphism from the bundle stack Ejjy to the hue bundle <Cu- As before, 
we let M{a) = M\U. We let E(cr) be the kernel cone stack in E, 

(3.2) E(a) = E|^(,) U ker{E|[; ^ C^/} C E 

endowed with the reduced structure. (Since a is surjective on U, E\u — > Cjy is 
surjective; thus the kernel is well-defined and is a closed substack of E|(7.) 
Our goal is to construct a localized Gysin map 

(3.3) Se_„ : A,-E{a) -^ A,M{a). 

It is constructed by finding for each irreducible cycle [c] G Z^'E{a) a proper rep- 
resentative m^^[C] S Z*F of [c] in a vector bundle F over a variety X with a 
surjective meromorphic cosection {F,<7x) and a proper p : X ^ M, and then 
defining 

We remark here that any homomorphism V — > h^{E*) from a locally free sheaf 

V to h^{E') induces canonically a bundle-stack morphism y — > E. Indeed, let 
7j : M -^ M he an etale open so that r]*E' =qis [F° -> F^] with both F* locally 
free on M. We lift the pull-back r]*V ^>- ri*h^{E*) to a homomorphism 77*^^-^^, 
which defines a homomorphism of complexes r7*T^[— 1] -^ [F^ — ;■ _F^]. By the 
functorial construction of h^ /h^ , we obtain a morphism 

r^*V = h^/h^{j]*V[-l]) -^ h^/h°iri*E*) = E x^ M. 

One checks that any two liftings ri*V — > F^ define homotopic 77* ^[—1] — > [F" — ^ 
F^], and thus induce identical (canonical) ri*V — ?> ExmM. Since the so constructed 
morphism is canonical, it descends to a morphism 

(3.4) V — ^ E. 

We now construct representatives of irreducible [c] e .^*E. For this, we need the 
notion of etale representatives. We pick an etale morphism 77 : Af — > A^ so that M 
is a scheme, 77(M) n 7r(c) 7^ and that there is a vector bundle iry ■ V ^)- M and 
a surjective homomorphism 7m : V -^ r]*h^{E*). By shrinking M if necessary, we 
know E'\m =qis [E'^ -^ E"^] for a complex [F° — >• E^] of locally free sheaves. Letting 

V = E^ , the pair {rj,V) is as desired. Notice that 7^/ induces a homomorphism 

dUD. 

Definition 3.1. An etale representative of an irreducible [c] C Z^,E consists of 
{rj,V) as before and an irreducible cycle m~^j [Cm] S Z^,V such that Cm is an 
irreducible component of V Xe c, and mM is the degree of the etale morphism 

^Uv(Cm) ■ T^viCM) ^7r(c). 

We next introduce the notion of proper representatives. We let p : X — > A^ be a 
proper morphism with X a quasi-projective scheme such that p{X) D 7r(c). Since 
X is quasi-projective, we can pick a vector bundle ttp : F ^ X together with a 
surjective homomorphism ^x ■ F --> p*h^{E*). 

We then form Y — X Xm ^I^, and let gi : F — > X and q2 '■ Y ^ M be the 
projections. We pick a vector bundle F on F and projections rj : F ^- qlF and 
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r]2 : F ^)- q2V that make the following square commutative: 
F — ^ qlF 



(2 



9i7x 



We let qi : qlF ^ F and 92 '■ q2V -^ V he the projections. Notice that 92 is proper 
while qi is etale. In the following, for an etale morphism, say qi and an irreducible 
cycle [T] e Z^q^F, we define gi*([T]) = d-^[qi{T)], where d = deg{qi|T : T -^ 

qiiT)}. 

Definition 3.2. Let {p,X,F) be as before. We say an irreducible cycle mjr [Cx] S 
Z*-F is a proper representative of [c] G Z*E if for an (77, V) in Definition \S.l\ and 
(FXi) as constructed, we can find irreducible rhjr [Cx] & Z^^q^F and rn^j [Cm] £ 
Z^q2V such that Cii.'rh'^[Cx]) = C2("^m [Cm]), g2*("iM [Cm]) = m'^ll[CM] and 
qi.{rh-^'[Cx])^ni-^'[Cx]. 

We remark that the need to introduce ctalc representatives of [c] is to make 
sense of the "degree" mx of the morphism Cx -^ c. Since "degree" is a birational 
property, we use etale representatives to define it. 

Using proper representatives of [c] G Z*E, we can define s^ ^ at the cycle level. 
Let [c] g Z*E(cr) be an irreducible cycle. Let {p,X,F) with m^^[Cx] & Z^,F 
be a proper representative of [c]. Let ax '■ F[p-ijj -^ Op-iu be the composite 
oi F[p-iij -^ P*Obj^/s[p-iij with p*a. Automatically [Cx] e Z^F{ax)- We let 
p{a) : X{ax) ^ M{a) be the restricton of p to X{ax) = X\ p^^U. 

Definition 3.3. We define Sg^([c]) = iri'^^p{a)^{s'p ^^{[Cx]))- We extend it to 
Sg g. : Z*E — > A^A4(cr) by linearity. 

Proposition 3.4. The map s^ ^ in Definition \3.S\ is well-defined. The map s^ ^ 
preserves the rational equivalence. 

Proof. We first show that each irreducible [c] e Z^,E(a) admits a proper represen- 
tative. Since A^ is a DM stack, we can find a quasi-projective variety X and a 
proper p : X ^ A4 so that p : X ^ p{^) is generically finite and 7r(c) C p{X) 
is dense. Since X is quasi-projcctivc, there are a vector bundle np : F ^ X on 
X and a surjective sheaf homomorphism 7 : i^ — )■ p*h^{E*). This homomorphism 
induces a bundle stack morphism 7 : F — > E x^ X. 

Since 7 is generically finite, there is an open O C 7r(c) so that p[p-io '■ p^^O -^ O 
is flat and etale. We pick an irreducible component of F Xg (c x^ O), and let Cx 
be its closure in F. We then let mx be the degree of p[Trp{Cx) ■ '^f{Cx) -^ ""(c). 
It is routine to check that m^^[Cx] is a proper representative of [c]. 

Let ax : F[p-ijj — > Op-iu be the composite of 7 : F ^^ p*h^{E') with p*a. It 
is direct to check that [Cx] e Z,:F{ax). Thus s^,^([c]) = rn^^ p{a),:{s'p^^^{[Cx])) 
is deflned. 

To check that it is well-defined, we need to show that if m^] [Cx'] with (p', X', F') 
its associated data is another proper representative of [c] , then 

m^'piaUs'p^,J[Cx])) = ni^]p'{aUs'p,^,^,i[Cx'])). 
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This can be proved by choosing a third proper representative using Y C X XmX' -^ 
M an irreducible component, choosing appropriate F that surjects onto the pull- 
backs of F and F' and whose projections commute with the projections to the 
pull-backs of h^{E'), and choosing a representative itiy^ICy] that can be directly 
compared with m^ [Cx] and m'^,[Cx']- The detail is parallel to the proof of 
Lemma [2.41 and will be omitted. This defines the homomorphism Sg ^ : Z^E{a) — > 

Finally, we check that it preserves the rational equivalence. This time the proof 
is a line by line repetition of the proof of Lemma l2.71 incorporating the need to use 
etale representatives to make sense of degrees of maps. Since the modification is 
routine, we will omit the details here. D 

This proves that the constructions of Definition 13.31 define a homomorphism 
(3.5) SE,a : ^*E(a) -^ A,M{a). 

4. Reducing intrinsic normal cones by cosections 

In this section, we show that a Deligne-Mumford stack equipped with a perfect 
obstruction theory and a meromorphic cosection of its obstruction sheaf has "re- 
stricted" intrinsic normal cones. Applying the localized Gysin maps, we obtain the 
localized virtual cycles. 

We let TT : A^ ^' 5 be a DM stack A^ over a smooth Artin stack S; we assume 
TT is representable. We assume Ai/S admits a relative perfect obstruction theory 
E' — > L*j^,g formulated in [5] using cotangent complexeso As part of the defini- 
tion, locally E' is quasi-isomorphic to two-term complexes of locally free sheaves 
concentrated at [—1,0]. 

We introduce the obstruction sheaf of a relative perfect obstruction theory. We 
recall that Ohj^/s = h^{{E'Y) is the relative obstruction sheaf of E' -^ L*m/s- 
To introduce its (absolute) obstruction sheaf, we pick a smooth chart M/ S of AA/S 
by affine schemes M and S such that S ^^ S is smooth, M (Z M. Xs S \s open and 
M — >■ A^ is etale. (This is possible since A4 ^> 5 is representatble.) We pick an 
S'-embedding AI -^ V into an affine V, smooth over S. Since M is affine, we pick 
a presentation E'\m — [E^^ — > -E°] as a complex of locally free sheaves so that the 
perfect obstruction theory of M/S lifted to M/S is given by a homomorphism of 
complexes of sheaves 

(4.1) (0-\ 0°) : [E-' ^ E"] ^ T^-^L\,,s = [hj/ll ^ ny/sUil 

where Im is the ideal sheaf of M C V. We let tts : M ^> S* be the projection. 
We denote 

ObM/S ■■= ObM/S ®Oj^ Om = h\{E'\MY). 



We recall that there are two versions of perfect obstruction theories. One formulated by 
Behrend-Fantechi \2\ using an arrow from a derived object to the relative cotangent complex 
E' — >■ L* ,„; the other by Li-Tian using obstruction to deformation assignment in the cohomology 
of a derived object. By [2| Theorem 4.5], the BF's version of perfect obstruction theories induces 
LT's version of perfect obstruction theories. 

Conversely, it will be shown in [3] that LT's version of perfect obstruction theory is affine 
locally equivalent to BF's version. Furthermore, all available technical tools concerning cycles 
constructed from BF's version of perfect obstruction theory work for LT's version as well. 
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From the distinguished triangle 

^*s^s — ^ Lli — > Llj^g — > ttJL* [1] = ['K*gfls -^ 0], 



we have the composition 
and a distinguished triangle 



E'^T^-'Ll,/s^7r*sns[l] 



E' ^ E' ^ 7T*sns[l], 
which fits into a commutative diagram of distinguished triangles 



(4.2) 



E' > E' > 7r*^s[l] ^^ > 



L'm > L'l/s ^ T^*s^s[l] -^^ 



By the standard 5-lemma, we find that E* — > L'^ is a perfect obstruction theory 
of M and that the obstruction sheaf ObM is the quotient 

(4.3) ObM/s -^ ObM = cokerlTTgr!^ -^ ObM/s} 

of ObM/s- 

Since this construction is canonical, the object E* is unique up to quasi-isomor- 
phism; the arrow ngils -^ E* (in (|4.2p ) is unique up to homotopy. Thus ObM = 
h^{{E*)'^) in ()4.3p is canonically defined, and the first arrow in ()4.3p is unique. This 
proves that (|4.3p descends to a quotient homomorphism of sheaves on A4 



(4.4) ObM/s -^ ObM. 

Definition 4.1. We call ObM the (absolute) obstruction sheaf of the obstruction 
theory E' ^ L'j^/g- 

We denote 

E:=h^/h°{{E')'') 

and let cm C E be the intrinsic normal cone introduced in [2]. A meromorphic 
cosection of ObM will reduce the intrinsic normal cone [cm] to a subcone-stack of 
E. Let C/ C A^ be an open substack and let 

(4.5) a:ObM\u-^Ou 

be a surjective homomorphism. As before, we call a a meromorphic cosection 
surjective on U; we call A4{a) = M — U the degeneracy locus of a. 

The homomorphism a induces a homomorphism {E*)'^\ir — ;• [0 — > Ou], and thus 
a surjective cone-stack morphism a : E|(7 — 5- /i^/ft,"([0 — > Ojj]) — Cjj- (Here we 
use Cm to denote the trivial line bundle A^ x A^ — > A^.) 

Definition 4.2. We define E(o') to be the union o/ E x wi A^ (c) with kei-{a : Ej^/ — s- 
C-u}, endowed with the reduced structure. The closed substack E(o') C E is called 
the kernel cone-stack of a. 

Proposition 4.3. Let the notation be as stated, and let a : ObM\u ~^ Ou be 
surjective. Then the cycle [cm] G ^*E lies in Z*E((t). 
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We consider a simple case. Let M C V^ be a closed subschcmc of a smooth 
scheme V defined by the vanishing s = of a section s of a vector bundle E on V; 
let Cm/v be the normal cone to M in V, embedded in E\m via the section s. We 
suppose a : E ^f Ov is a surjective homomorphism. Let Im be the ideal sheaf of 
M <zV . The following Lemma was essentially proved in |18) . 

Lemma 4.4 (Cone reduction criterion). Suppose the defining equation s satisfies 
the following criterion: for any germ Lp : Speck|^] — > Y , (^(0) G X, the section 
a o s o ip £ lk|^] satisfies a o s o ip £ S, ■ (p* Im- Then the support of the cone Cm/v 
lies entirely in the kernel F — ker{(T : E — > Ov} C E . 

Proof. The cone Cm/v C E is the specialization of the section t^^s C i? as t — > 0. 
More precisely, we consider the subscheme 

r = {{t-\3{w),t) eEx{£-\o)\w eV, teA^\o}. 

For t e A^\0, the fiber T* of F over t G A^ i_s the section t-^s oi E. We let f be 
the closure of F in i? x A^. The central fiber F x^i C i? is the normal cone Cm/v 
embedded in E\m- Clearly, Cm/v is of pure dimension dimF. 

Now let N C Cm/v be any irreducible component. Let w e iV be a general 
closed point of N. Then we can find a smooth affine curve G S' and a morphism 
p : (0, S) -)■ (v, f ) such that p{S \ 0) C F. We let pv : S ^ V and p^i : S ^ A^ 
be the composites of p with the projections from E x A}^ to V and to A^. Since 
p{S \ 0) C F, pai dominates A^. 

We then choose a uniformizing parameter ^ of S* at so that (pai)*(0 = ^" ^^^ 
some n. Because p(0) = v, ^~" ■ so py : S \0 ^ E specializes to v; hence s o pv 
has the expression 

sopv^vC + 0{C^^). 
Applying tr, we obtain a o so py = ct(w)^" + 0(^"+^). 

Now suppose N <f_ E{a)\ in particular v does not lie in the zero section of E. 
Then pylM = (^"■)- By assumption, a o s o py £ [C^^^) — £, ■ PylM, we must have 
a{v) = 0. This proves that v € F = kcrja}. Since v is general in Cm/v^ v £ F 
implies that the support of Cm/v lies in F. This proves the Lemma. D 

Let O&Af — cokerjds : Ty\M -^ E\m}\ let pr : £' ^ O^m be the projection. 

Corollary 4.5. Let the notation he as in Lemma \4-.4\ Suppose we have a surjective 
homomorphism a:ObM -^ Om. Then the support of the cone Cm/v ^i^s entirely 
in the kernel F = ker{cr o pr : E' — > Om} C E . 

Proof. We verify the cone reduction criterion. Let ip : Speckf^] — )• V, (/p(0) G M, 
be any morphism. Suppose 'p*Im = (C")- Pulling back the exact sequence 

OMiTy) A Om{E) -^ ObM -^ 

via the induced morphism (p — <p\ip-i(M) '■ 'P~^{M) = (^" = 0) — s> M, we obtain 
(4.6) ^*{Ty) ^'-^' r{E) '"M' nOhM) -^ 0, 

where (p*{pr) is the pullback of the projection pi : E\m —^ OBm- 

Let V G £'1^(0) be the element so that s o ip = v^" + 0(^"+i). Thus (p*{ds) = 

d{vC') = n<"-id^. 

Let (T = pro cr. Because (|4.6p is exact, we have the vanishing (p*{a){<p*{ds)) = 0, 

which proves that a{v) = 0; hence a o so ip = 0(^"+^). Thus the section s satisfies 

the cone reduction criterion (Lemma 14. 4p . This proves the lemma. D 
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Assume there is a vector bundle (locally free sheaf of OA^-modules) F that sur- 
jects onto Obj^/g. This homomorphism induces a flat morphism F -^ h^ /h°{{E'Y) 
(cf. p.4p ). which pulls back [cm] to a cycle [Cm] G Zi,F. We let a be the compo- 
sition 

(4.7) d:F[u-^ObM/s\u^ObM[u~^Ou. 

which is surjective. Let F{(j) C F be F[m[<j) U kerjo-}, endowed with the reduced 
structure. 

Corollary 4.6. Let the notation he as stated and let a he a surjective homomor- 
phism a : ObM[u — ^ Ou over an open U. Then the cycle [Cm] G Z^,F lies in 

z^F{a). 

Proof. Because of the way F{a) is defined, we only need to show that [Cm X-mU] € 
Z*(F((t) Km U). By replacing A4 with the open substack U, we can assume that 
a is regular and surjective on Ai. 

Since the statement is local, we only need to consider the case where AI/S — ^ 
M/S is as introduced before (|4.1I) . Since M is affine, we can pick E*[m — [E^^ ^ 
E'^] so that E'[m -^ '''^^^-^'m/s ^^ given by (|4.ip and that in addition satisfies 
0" : i?° — > rjy/sU/ is an isomorphism. Because of the exact sequence (_E")^ ^■ 
(£^^^)^ —> ObM/s ~^ 0? possibly by replacing E"^ -^ E^ with a quasi-isomorphic 
complex we can assume F[m ~^ ObM/s lifts to a surjective F[m — > {E^^Y , thus 
defining a homomorphism of complexes 

7: [0 ^ F] ^ [{Ey ^ iE-^Y]. 

Two 7's coming from two liftings F -^ {E^^Y ^-^e homotopy equivalent, and hence 
the induced morphism of bundle stacks 

(4.8) j-.F^-E^h^/h^iiE'y) 

is canonically defined. 

Let E~^ be a locally free sheaf on V such that E^^[m — E^^. This is possible 
since V is affine. By the same reason, we can lift (p^^ G Im /l"^ ®Om {E~^Y to an 
/ € Im ®Ov {E-y. Then since 4>-^ : E'^ -^ Im/I'm is surjective [21 Thm. 4.5], 
M = (/ = 0) C V". We let Cm/v be the normal cone to M == (/ = 0) in V. The 
cone Cm/v canonically embeds in {E^^Y = {E^^Y[m via the defining equation 
/• 

On the other hand, because the arrow in [Im/Im ^^ ^wsUf] is via sending 
u E Im/Im to its relative differential d/su G flYfs[M, and because (/)° is an iso- 
morphism, after identifying E^ with fly^g[M using (ffi, the arrow in [E^^ — > £'*'] is 
the relative differential dfsf G flv/s[M ®Om [E^^Y ■ Thus ObM/s = coker{rf/5/ : 
I'v/s\m — > {E^^Y}- Following the definition of the obstruction sheaf OhM^ 



ObM - cokerjrf/ : Tv[m -^ {E-^}. 



Finally, we apply Corollary 14.51 to conclude that the support of the cone Cm/v 
lies in the kernel of the composite {E^^Y ^^ ObM -^ Om- Since the pull-back of 
Cm to F under (|4.8p is the pull-back of Cm/v under the surjective F[m —^ {E~^Y ^ 
and since the support of Cm/v lies in the kernel of {E~y — > Om, the support of 
Cm[m lies in the kernel F{a). This proves the Corollary. D 



14 YOUNG-HOON KIEM AND JUN LI 



Proof of Proposition \4-3\ The proof is a direct application of Corollary 14.61 We 
pick an AI/S — > M/S as in the proof of Corollary 14. 6| we only need to consider 
the case where M — >■ A^ factors through U C A4. We pick a vector bundle (locally 
free sheaf) F on M so that F surjects onto Ob^/g. This is possible since M is 
affine. Following the proof of Corollary 14.61 j : F —)' Obf,.[/g induces a bundle stack 
homomorphism 7 : F — 5- E x^i Af. Let d be as in (14.71) . (Note that M — )■ M 
factors through U C AA.) Since 7~^(E((t)) = F{d), the statement of the Corollary 
is equiyalent to 7*[c7vi] G Z*F{d). But this is what is proved in Corollary 14. 61 This 
proves the Proposition. D 

We have an equivariant version of the Corollary. We suppose M/S as before has 
a C*-structure; we suppose its relative obstruction theory is C* -equivariant. Let Ad'^ 
be the C*-fixed part of M.. We suppose there is a surjective sheaf homomorphism 

(4.9) a,:{ObM\M^f' ^Om^, 

from the C*-fixed part to Om"^! and let F be a C*-locally free sheaf of ©A^-niodules 
and F -^ ObM be a C*-equivariant surjective homomorphism. We let a be the 
composite 

cr : F\m^ — > ObMlM" — > (C^mIa^O —^Om", 
where the second arrow is the projection onto the invariant part. 

Lemma 4.7. Let the notation be as before and let Cm d F be the cone-cycle 
that is the pull-back of the intrinsic normal cone cj^ (cf. Corollary |4.6'| j. Then 
the support of the restriction C'mIm" "^ ^Iai= H^s in the kernel vector bundle 
FlM^a) =keT{F\M^ ^ Om4- 

Proof We let M/S —?■ M/S he as in the proof of Corollary 14.61 Without loss of 
generality, we can assume both 5' and M are C*-schemes and M/S — >■ M/S is a C*- 
morphism. (We can avoid this assumption by working with the formal completion 
of M at a closed p € M Xm ■M'^; the remainding arguments go through.) We take 
a C*-equiyariant ^-embedding AI ^ V as before. 

We repeat the proof of Corollary 14.61 Since the obstruction theory is C*- 
equivariant, we can choose a C*-complex E'\m ~ [E^^ — > F"] so that the ob- 
struction theory E*\m -^ '''^^^-^'m/s ^^ given by a C*-cquiyariant (|4.1I) . We extend 
F^^ to a C* -equivariant F^^ on V. Since (|4.ip is C* -equivariant, we can choose a 
C* -equivariant hft / £ Im ®Ov {E^^Y of (f)^'^- 

We let V (resp. M"; resp F*) be the C* fixed part of V (resp. M; resp. F'); 
let Im" be the ideal sheaf of M" C V. Then the C*-fixed part f := (/)^' G 
Im- ®Ov<^ {E-^Y defines ilF= = {f = 0) C V. 

On the other hand, since the C*-invariant part of (|4.ip is a perfect obstruction 
theory of M"^, the cokernel of df^, which is a quotient of {E~^Y , is the obstruction 
sheaf O^M": of AF^. One checks that it is identical to the invariant part (C^mImO*^ 
(cf. 0). 

We now look at the normal cone Cm^/v (resp. Cm/v) to AF^ (resp. M) in V^ 
(resp. V); it is a subcone of [E'^^Y (resp. {E^^Y). By the previous Corollary, the 
cycle [Cm=/\/<:] is a cycle in ker{(F^^)^ — > Ca/^}, where the arrow is the composite 
{E~^Y ~^ ObM<: — ^Om'- (as in the statement of the Lemma). 

We claim that 



(4.10) [Cm/vY - Cm^/v- C (F, 



-i\v 
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To prove this, we consider the graph F of t^^f {t E A}), considered as a subscheme 
in (A^ \ 0) X (i?^^)^. By viewing it as a family over A^ \ 0, we can take its A"'^- 
flat closure F C A-'^ x {E^^}"^ . By the definition of normal cone, the central fiber 
Fq :— r\t=o is the cone Cm/v canonically embedded in {E^^Y . Thus Fq = Cm/v 

and (For =(CM/yr. 

On the other hand, notice that F is C*-invariant with C* acting on A^ trivially; 
the fixed part F'^ := F"^* of F is 

(4.11) F'^ = {the graph of t" V} C (A^ \ 0) x (E^'^y . 

We let T^ be the flat closure of F'^ (over A^). Thus, (F)|t=o = Cm'=/v C {E-^Y . 

Therefore, to conclude the Lemma we only need to check that (F'=)|t=o = (ro)'^- 
Because C* is reductive, the flatness of F over A^ implies that the fixed part (F)"' 
is also flat over A-^. Then since (F)"^ x^i (A^ \ 0) = F^, and F'= is A^-flat, we obtain 
F = (r)C* . This proves r^|t=o = (ro)^* . 

Finally, like in the proof of Corollarv l4.6[ possibly after replacing [E^^ — > i?°] by 
a quasi-isomorphic complex, we can assume that F\m — >■ O^aiIm factors through 
a C*-equivariant F\m -^ {E~^y -^ Obu- This proves the Lemma. D 

5. Localized virtual cycles 

We state and prove the main theorem of this paper. 

Theorem 5.1. Let Ai/S be a Deligne-Mumford stack as before endowed with a 
relative perfect obstruction theory. Suppose there is a surjective homomorphism 
a : ObMlu ^' Ojj on an open U C Ai. Let Ai(a) = M\U be the degeneracy locus 
of a. Then M admits a localized virtual cycle 

[M]1^eA,M{a). 

Lt relates to its ordinary virtual cycle by b^:[M]J"^ = [M.Y" , where l : A^(o') — > A4 
is the inclusion. 

Proof Let E' -^ L'j^^^ be the obstruction theory oiM/S. Let E = h^/h°{{E'y) 
and let [cm] G ^*E be the corresponding intrinsic virtual cycle [2]. The cosection 
a defines a surjective bundle stack morphism a : E|j/ — >■ Cj/. As before, we let 
E(o-) = E|^(o-) U ker{0-}, endowed with the reduced structure; E(o-) is a closed 
substack of E. 

By Proposition 14.31 [cm] is a cycle in Zt'E,{a). We apply the localized Gysin 
map constructed in Proposition 13.41 to define 



By the property of localized Gysin map, we have i*[7W]J'oc = [A^]^". This proves 
the Proposition. D 

Like the ordinary virtual cycle, the localized virtual cycle is expected to remain 
constant in some naturally arisen situations. We let M./S as before be a DM 
stack over a smooth Artin stack iS, A4 ^ iS representable, with a relative perfect 
obstruction theory E* — >• i^/g- We let G T be a pointed smooth affine curve. 
We suppose N /S is a DM stack over S, M -^ S representable, together with a 
morphism tt : J\f -^ T such that 

M=U XtO. 
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We assume there is a perfect relative obstruction theory F' — > L'j^ig that is 
compatible to that of Ai/S in that we have a homomorphism of distinguished 
triangles in the derived category D{M): 

F'\m -^-^ E' > Om[1] -^^ 



(5.1) 



^M/S\M ' ^M/S ^ ^M/Af 






This way, the (relative) obstruction sheaf Obj^^g — h^{{F'Y) fits into the exact 
sequence Om — > Ohj^jg — > O&a^/^Ix ~> 0. Applying the construction of the 
(absolute) obstruction sheaves, we obtain the exact sequence 

(5.2) Om -^ OhM — ^ OhM\M — ^ 0. 

We suppose there is an open U <Z M and a surjective homomorphism 

(Tu ■■ Ob^rlu -^ Ou- 

We let U ~U Xj^ M] let a : OImIu — ^ Ou be the composition of OhM — > Ob^\M 
with (Ju\u- As before, we let JV{au) — N\U and AA{a) = J\A\U he the degeneracy 
loci of au- Note that M{a) = M{(tu) xt 0. 

We let r : — > T be the inclusion and let r' : A,,M{au) ~^ A^M.{(t) be the Gysin 
map that is "intersecting" with G T. 

Theorem 5.2. Let the notation he as stated; let [A/l^^JJ £ A^J\f((Tu) and [M\{^^ G 
A^M{a) he the localized virtual cycles. Then [M]\ll = t'([7V]^^'^). 

We will prove the Theorem by applying the rational equivalence inside the de- 
formations of ambient cone-stacks constructed by Kim-Kresch-Pantev [S| . 

We begin with recalling the convention used in |9j. For an object G* in the 
derived category D{M.) of coherent sheaves on A^, we denote p%iG* ($• PpiO{—l) 
by G*(— 1), where pthj Ppi are the two projections oiMxP^. Accordingly, whenever 
we see a G* € D{A4) appearing in a sequence involving elements in D{Ai x P^), 
we understand it as p^G* . 

For the top line in (j5.1|) . we mimick the construction of jl]. Let [x,y] be the 
homogeneous coordinates of P^, let g : F*|7k(— 1) -^ F*\m ® E* be defined by 
(a; • 1, y • (7). The mapping cone c{g) of g is locally quasi-isomorphic to a two-term 
complex of locally free sheaves, and fits into the distinguished triangle 

(5.3) F'\M{-l)^F'\M(SE'~^c{~g)^. 

Following [5], h^ /h^{c{gY) is a vector bundle stack over A^ x P^, thus flat over P^; 
its fibers over a = [1, 0] and b = [0, 1] G P"'^ are 

h^/h'^icigy) xpi a = h^/h%{E'y), h^/h'^{c{gY) Xpi b = h^ / h° {{F' \mY ) x A^. 

Here the A^ in the product is the fiber of the vector bundle ft,^//i°([0 -^ Om]) — 'Cm- 

We let M'L- ,^ be the deformation oi Af to its normal cone c_^/s] let c^xpi/M" 
be the normal cone to A^ xP^ in M^,^. We let e = h^ /h^{c{gY), which is a bundle 
stack over A^ x P^. According to j^, we have a canonical closed immersions 

(5.4) Cj^/s^h^lh\{F'y) and P := c^xPVm^^^ C e = /iV/i"(c(5)^). 
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We will see that V is flat over P^ - 6; for E := h^lh°{{E'Y), e Xpi a = E, and 

(5.5) a'[P] = [Pxpia] = [c^/5] eZ*E. 

(Following j4,, for c G P^ we define c[D] = \D^ x^i c], where V^ is the P^-flat part 
of v.) Consequently, (the flat part of) T) provides a rational equivalence between 
[cm/s] and b-[V]. 

We let Vb = V Xpi b. In [19] and [9], a canonical rational equivalence [7?.] G 
W^,{'Db) is constructed such that 

(5.6) do[n] = [b'V] and di[n] ^ [cm/c^,J ^ Z.,{e x^i b). 
Combining, we obtain a pair of rational equivalences giving the equivalence of 

[cm/s] - [cm/cj^/s] via ([X'],[7^]). 

This rational equivalence implies t[A/']"' — [J^Y". 

To prove the constancy of the localized virtual cycles, we need to show that both 
[D] and [TZ] lie in the appropriate kernel bundle stack. First, au : Obf^\u — > Ou 
induces [F*y\u -^ Ou[-l], which together with the {E*Y\u -^ Ou[-l] induced 
by a, defines the two right vertical arrows /3i and /32 shown below, and making the 
right square a commutative square of homomorphisms of complexes. Using /3i and 
/32, we construct a homomorphism of complexes a' (shown), which together with 
(3i defines an arrow between distinguished triangles (after restricting to [/ x P^): 
(5.7) 



cigV 


C/xPi 


— > {F'r\u®{E'r\u — > 


(F-)v 


\u{l) 


^^ 




ct' 




/3i 




P2 




c(x) 


hi] 


_±^ 0e2 


r -,1 x=(2;,iy)[~l] 


PfiOpi 


(1)[-1] 


-ii^ 



Let L be the line bundle C'pi(— 1). Then, c(x) =gis. PpiL; thus 

h'/h'>{c{^)[-i])=p;^L, 

which is a line bundle on A^ x P^. On the other hand, since both /3i and /32 are 
defined and surjective on [/ x P^, cr is surjective on C/ x P^. Thus a induces a 
surjective bundle-stack homomorphism (which we still denote by a) 

(5.8) CT : e|(7xpi — ^ppiL|t/xpi- 

We let e{a) be the union of e|^(o.)xpi with the kernel ker{tT}, endowed with the 
reduced structure; e(CT') C e is closed. As mentioned, we let W^,ei, be the group of 
rational equivalences of ef, = e Xpi b. 

Lemma 5.3. The cycles [V] G Z^^e and the rational equivalence [TZ] G W*ef, lie in 
Z^:e{a) and W■^,e{a■)b, respectively. 

Proof. Since TZ C T> Xpi b, the support of TZ lies in T>. Thus we only need to show 
that the support of T> lies in e{a). Furthermore, since e|;v((CT)xpi = ^io')\M{<7)xP^j 
to prove the Lemma we only need to show that the support of I? x^^pi {U x P-*^) 
lies in e{a)\ijxP^- Thus, it suffices to prove the Lemma in case J\f = U] namely, au 
is regular and surjective everywhere. 

In the following, we assume aj\f : Obj\f — t- Oj\f is regular and surjective on A/". 
Since the statement of the Lemma is local, it suffices to investigate the situation 
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over N/S — J> J\f/S for S smooth over S, N ^ J\f etale, and A^ C TV X5 S* is an affine 
open subscheme. 

We then pick a smooth afhne scheme V over S and T, an embedding N —i' V 
that is both S and T-embeddings. Using N -^ V, we have a representative 

(5.9) T^-^L%/s^ [In/In ^flv/s\N] and r^-'^Ll^^g ^ [Im/IIi ^ ^^v/sIai], 

where M = iV Xt be the corresponding chart of A^, In and Im are the ideal 
sheaves oi N CV and M CV, respectively. 

Since N and V are affine, we can assume that there is a vector bundle (locally 
free sheaf) F on N (resp. E on M) so that 

(5.10) F'\n^[F'' ^Qy/slN] and E'\m ^ [E'' ^ Qv/sIm], 

and the diagram (|5.ip restricted to M is represented by the following commuting 
homomorphisms of complexes of sheaves 

[F^ ^ nv/s\N]\M ~^^^ [E^ ^ ^v/sIm] > [Om ^ 0] 

(5.11) [[4'-\A\m [[i^-\4'''] 

which in addition satisfy 0*' = id : riy/sl^r ^^ 17^/5 j^r and ■0° = id, and the part of 
the top line at place [—1] is an exact sequence 

— > F''\m — > S^ ^ Om -^ 0. 

Here for the terms in the second line we use representatives (|5.9p . 

Since V is affine, we can split this exact sequence to get E"^ = F'^\m © Om. 
We then extend i^ to a vector bundle (locally free sheaf) F on V; because of the 
isomorphism E"^ ^ F'^\m © Oa/, F © Oy is an extension of E. 

We now give an explicit description of ej^xpi {'■= e ^Aixpi {M x P^)). By the 
canonical construction of c(^), we have a canonical isomorphism 

(5.12) elMxpi - /iV/i°((c(5Jv)^), 
where qn = [x-l,y- qn) is 

.gAT : [F" -> f^v/sU]U/(-l) ^ [F'' ^ r!v/5|Ar]|M © [£^^ ^ f^v/sUf] 

(cf. g in (|5.3[) ). Using the isomorphism E ^ F\m ® Om and that the arrow 
^^|a/ -^ E'^ is the inclusion under the splitting, we see that the mapping cone 

(5.13) cCgN) =q^s. WUi ^ ^v/sWm © [Om ^ 0]. 

Thus, following the convention that F|m(— 1) — P*mF\m <E)PpiL is a vector bundle 
on Af xP^, where L ^ Opi (—1), we obtain a tautological flat bundle stack morphism 

$ : Fm{-1) X A1 ^ ew = h' /h'^icigNf). 

We let P|jv/xpi C eJMxpi be the pull-back of 2? C e using the isomorphism (|5.12p . 
and let 

D = ^*{V\m>cp^) C F\m{-1) X A\ 

We next describe the pull-back $*(e(tT)). {a is defined in ([S.Sp .) Like the con- 
struction of cr' in (j5.7p . the surjective homomorphism a^ : Obj\f -^ Oj\f (surjectivity 
is assumed at the beginning of the proof) induces a surjective homomorphism 

(5.14) 5:F~^h^{{F'Y)~-^CN- 
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Cf. (f5TT0|) . Pulling back 6 to N x F^ and twisting it by Opi(-l), we obtain the 
second arrow shown below, which composed with the projection to the first factor 

of F{—1) © Cjvxpi defines 7jv: 

(5.15) 7Ar : F(-l) © Cjvxpi ^ ^(-1) -^Ppi, 

where ppi : N x P^ —>■ P^ is the projection. 

We let K be the kernel bundle of 7jv. It is direct to check that 

(5.16) i^lMxpi = **(e(a)) c F|m(-1) X A^. 

This way, [D] G Z^,e{a) is equivalent to that the the reduced part -Drcd (of D) lies 

in K\mxp^- 

To prove Urcd C KImxF'^, we give a graph construction of D. We pick a lifting 
/i e /jv ®Ov -P" of 4'^^ e ^Jv//Ir «'C)„ F, and extend /i to a lifting (/i,/2) e 
/m KiOv (-f" ® '^v) of i/)"^. After shrinking y if necessary, fi — defines N and 
(/11/2) = defines M. By shrinking T if necessary, we can pick a uniformizing 
parameter t G T{Ot) so that t ~ consists of a single point E T. 

We next view x~^ as a meromorphic section of L = Opi{—l) with no zero and 
only pole at 6 = [0, 1]. Then ((te)~^/i, t~^/2) is a section of F{—1) © Catxpi over 
{N \ M) X (pi - 6); we denote by 

(5.17) ^c(F(-l)xAl)|(^^\M)x(pl-fc) 

this section (graph). We let V be the closure of F in F{—1) x A^. According to the 
construction in 9 , 

D^T x^rxpi {M X pi) c F\m{-1) X A\ 

We now prove Drcd C K\mxV'^- First, let 

Ti<z{F®Cn)\n\m 

be the graph of (i"Vi,^~V2) (recaU t G F(Ot) and M = N r\ {t = 0)); let FT 
be its closure in F © C^r; then Fi x^r M is the normal cone Cm/v embedded in 
F\m ® Cm = F\m X A^ by the defining equation (/i, /2) of M. 
We next form the commutative diagram 

(F(-l) ©CArxpi)lArx(pi-b) ^ Pjv(-^ ® ^at) |^x(pi-6) 



1 



IN ipN^fi) 



Ppi-^|Afx(pi-6) ^ CjvxPi|a'x(P1-&)- 

Note that the two horizontal arrows are isomorphisms of vector bundles. By our 
construction, F is the preimage of p^Fi under the top horizontal arrow. Therefore, 

F|^x(pi-6) is the preimage of p^Fi|jvx(pi-b)) a-nd thus 

^Imx(P1-6) C {p*mF\m X A )|Mx(pi-b) 

is the preimage of p^/CM/y C p\j{F\m © Cm). This proves that V is flat over 
pi - 6 and also the identity ((^ . 

Furthermore, by Lemma 14.51 the support of Cm/v <^ E\m — F\m © Cm lies in 
the kernel of {6,0) : F\m ©Cm -^ Cm. Thus the support of p^/CM/y lies in the 
kernel of {p%S, 0), and the support of £'|Mx(pi-h) lies in the kernel of jn- 

It remains to show that every irreducible component of D that lies over M Xpib 
lies in K\mxf^ (cf. (|5.16l) '). Let A C D he a.n. irreducible component lying over 
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M Xpi b, and let w G A be a general closed point. Since T is irreducible, we can 
find a smooth curve G S" and a morphism p : (0, S) — )► {v, T) so that p{S \ 0) G F. 
We let (pi, /O2) '■ S ^- M x¥^ he p composed with the projection F — > 7\f x P^. By 
shrinking S if necessary, we can assume P2iS) C P^ — a. 

We let xs :— X o p2 (resp. is '■— to pi) be the composition of a; G T{Opi^a) with 
P2 (resp. t G F(C't) with the composite S — ^-^M -^ T). Since v = lims^o p{s), by 
the definition of F, we have 

V = (wi, W2) = (lim {xs ■ tsy^ ■ fi°P, lim (is)"^ ' /2 o p)- 

Let u = pi(0) G M. Repeating the proof of Lemma [4.41 and Corollarv 14.51 the 
surjective homomorphism aj^ : Ob_\f — > 0_\f forces vi G ker{S{u) : F|„ — >• C} (cf. 
((5?T4)l ). Finally, by the exphcit form of -fN in (|5A5l) . ker{(5(u) : F\.a ^ C} x A^ = 
K\uxb- Therefore, vi lies in this kernel, which proves A C (i^|A/(— 1) x A^)(^m)- 
This proves the Lemma. D 



Proof of Proposition \5.SX This follows from that the localized Gysin map Sg ^ pre- 
serves rational equivalence. D 

6. Application: Localized GW-invariants 

We let X be a smooth quasi-projective variety equipped with a holomorphic 
two- form 6 G F(r2^). This form induces a cosection of the obstruction sheaf of 
A^g_„(X, /3), the moduli space of n-pointed genus g stable morphisms to X of class 
/?. This cosection defines a localized virtual class of A^g_„(X, /3), thus a localized 
GW-invariants of (X, 6*). 

We begin with the construction of the cosection of the obstruction sheaf of 
A^g,„(X, /3). For simplicity, we will fix the data 5, n, X and /? for the moment 
and abbreviate Mg^n{X, (i) io M. We let / : C — > X and tt : C — > A^ be the uni- 
versal family oi M.. If we denote by S the Artin stack of genus g connected nodal 
curves, A^ is a representable DM stack over S; and the relative obstruction sheaf of 
the standard relative obstruction theory of M./S (cf. [2]) is ObM/s ~ R^T^*f*Tx- 

We now show that a holomorphic two- form 9 defines a cosection of Obj^/g. 
Indeed, by viewing it as an anti-symmetric homomorphism 

(6.1) e-.Tx-^nx, (^(«),«) = o, 

it defines the first arrow in the following sequence of homomorphisms 
(6.2) R^Tr^f*Tx — > i?V,/*fix — > R^t^Mc/m — > R^'^*^c/M, 

where the second is induced by f*^x ^ ^c/M: and the last by the tautologi- 
cal il'C/M ~^ ^c/M- Because R^tt^ujc/m — ^M, the composite of this sequence 
provides 



M- 



(6.3) af : R'ttJ^Tx = ObM/s -^ O, 

The obstruction sheaf of M. is the cokernel of p*Ts — !• Obj^/g, where p 
Ai ^- S is the projection. Using the universal family / and that i?^7r»/*Tx = 
£xtl^{f*nx,Oc), we have the exact sequence 

(6.4) £xtlinc/M, Oc) -^ £xtlif*nx, Oc) -^ ObM -^ 0, 
where the first arrow is induced by f*ftx — > ^c/M- 
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Lemma 6.1. The composition 

£xtl{nc/M,Oc) ^ £xtl{rnx,Oc)^OM 

is trivial. 

Proof. Applying the definition of (Tg°^, one sees tliat the stated composition is the 
composition of the following sequence 

£xtl{nc/M,Oc) ^ £xtl{rnx,Oc) ^ £xtl{rTx,Oc) -^ £xtl{uj^/j^,Oc) 
that is induced by the sequence 

® ■ ^C/M ^ f*Tx > f*^X > f^C/Mi 

where the first arrow is the dual of the composite f*^x — > ^c/M ~^ '^c/M- 

We now prove that the composite = 0. First, let Crog be the smooth loci 
of the fibers of C/M. Since f^c/A^lcrcg ~ ^c/A^lcrcgj ^''^^ since 9 (in (|6.ip ) is 
anti-symmetric, 0|crog i^ anti-symmetric. Therefore, because ujc/m is invertible, 

e|c„, = 0. 

Now let q G C\Ciog; \et S, — iT{q) G A1. We pick an afhne scheme M and an etale 
M — > A^ whose image contains ^; let ^ G M be a lift of i^. We let C be an affine 
open C dC XmM such that (9, ^) G C x a< M hfts to a g G C. We let 5 : C ^ X 
be the restriction of / to C, and let ^ G M be the image of q under C — >■ M. Since 
both C and M are affine, we can find a closed immersion M <Z M into a smooth 
scheme M and extend C/M to a family of nodal curves C/M so that the node 
g G Ct is smoothed in the family C / M^ and that the morphism g : C ^f X extends 
to g:C ^X. 

For the family g : C — > X, we form the similarly defined homomorphism 

(6.5) Q:wl^^,^^Vtc/M- 

Like 0, Q vanishes away from the singularities of the fibers of C/M. On the other 
hand, since M is smooth and the node g G Cp is smoothed in the family C/M, 
^c/M ^^ ^° torsions near q. Therefore, that Q vanishes away from the singular 
points of the fibers of C/M implies that Q vanishes near q. 

Finally, since Q\c^ = ©Icj j we conclude that 6 vanishes at g G C. Since q E C 
is an arbitrary node, this shows that = 0. This proves that the composite in the 
statement of the Lemma vanishes. D 

Corollary 6.2. The homomorphism ag'^'' lifts to a homomorphism ag : Obj^ -^ 
Om- 

Proof This follows from Lemma 16.11 and the exact sequence (|6.4p . D 

Definition 6.3. A stable map u:C -^ X is called 6-iinll if the composite 

u*{e) o du : Tc,,^ — > u*Tx\c„, — > u*D.x\cr., 
is trivial over the regular locus Creg of C . 

Proposition 6.4. Any holomorphic two-form G H^{^'^x) on a smooth quasi- 
projective variety X induces a homomorphism ag '■ ObM — ^ Om of the obstruction 
sheaf Ob M of the moduli of stable morphisms M = J^g^n{X, j3). The homomor- 
phism a is surjective away from the set of 9 -null stable maps in M. 
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Proof. Only the last part needs to be proved. Since ag is the lift of (Tg°\ it is 
surjective at [u:C -^ X] E M ii and only if ag°^ is surjective at [u] . Since the latter 
at [u] is the composition 

H'iC,u*Tx)^H\C,u*nx) ^ H\C,nc) ^ H'iCiuc) =C, 

whose Serre dual is 

C = H^'iC Oc) -^ H^fTx ® ujc) — > i/°(/*«x ® a;c). 

Because Oc is generated by global sections, the composite of the above sequence 
is trivial if and only if the composite 

Tc «) wclceg — > f*Tx(^tJc\cr.^ — > r^x «) wclcog 
is trivial. But this is equivalent to u being 0-null. This proves the Proposition. D 

Using the cosection ag, we can localize the virtual cycle of 7W. Let A4{ag) C A4 
be the collection of 6'-null stable maps. Clearly, A4{(7g) C A4 is closed. Because 
ag : ObM —^ Om is surjective away from Ai{ag), applying Theorem 15. 11 we obtain 
the localized virtual cycle 

[M]t,eA,M[ag). 

In case M.{ag) is proper, we define the localized GW-invariants as follows. We 
let ev : A^ — > X" be the evaluation morphism, let 7i,--- ,7„ G H*{X), let 
ai, ■ • ■ , a„ € Z-°, and let tpi be the first Chern class of the relative cotangent line 
bundle of the domain curves at the i-th marked point. The localized GW-invariant 
of X with descendants is defined to be 

{tc, (7i) • • • T-o„ {ln))fj°' - / ev*(7i X . . • X 7„) • V'^ ' • ' C" 

In case X is proper, then A4{ag) is automatically proper. 

Lemma 6.5. If X is proper, the localized GW-invariant coincides with the ordinary 
GW-invariant of X . 



Proof. This follows from the last statement in Theorem 15. II D 

A Corollary of this is the following generalization of the vanishing results of J. 
Lee and T. Parker [TTJ [10] for compact algebraic surfaces. 

Corollary 6.6 (First vanishing). Let X be a smooth projective variety endowed 
with a holomorphic two- form 9. The virtual cycle of the moduli of stable mor- 
phisms Mgji{X, j3) is trivial unless the class j3 can be represented by a 9 -null stable 
morphism. 

Proof. Let A^ — Aig^niX, (3). Suppose f3 cannot be represented by a 0-null stable 
morphism, i.e. M{ag) = 0. Then obviously [7W]J'oc — 0- Since [A^]^"' is the image 
of [7W]™ in A^M, [Al]™- = 0. D 

A generalization of the second vanishing of Lee-Parker is as follows. Since is a 
homomorphism from Tx — >■ ^x > det 9 can be viewed as a section of the line bundle 
i^|2. Let D = {det9 ^ 0). Every [u,C] e M{ag) has u(C) C D. Then an easy 
argument shows that 

Corollary 6.7 (Second vanishing). Let {X,9) be as in Corollaru \6.b\ For (3^0 
and 7i e H*[X), the GW-invariant (^Ta^i'^i))'^ a vanishes if one of the classes 7^ 
is Poincare dual to a cycle disjoint from D. 
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Further applications of this cycle localization technique will appear in the sequel 
of this paper. 

7. Other Applications 

We conclude our paper with comments on other possible applications; some has 
been worked out and some are under development. 

One application is the study of extremal GW-invariants of the Hilbert schemes 
of points of surfaces. After Beauville, we know that every homomorphic two-form 
9 of an algebraic surface X induces a holomorphic two-form of the Hilbert scheme 
X^^^ of fc-points of AT. Thus the second vanishing applied to this case gives us a lot a 
vanishing of the GW-invariants of X^^> . For general A, we can pick a meromorphic 
two-form 6. If /3 G H2{X^^\'L) is an extremal class (i.e. a class in the kernel of 
H2{X^^\'L) -^ H2{X'^^\'L)), then the meromorphic 9 induces a meromorphic two- 
form on A^g^„(A['^I, /3). This form can be used to study the GW-invariants of X^^\ 
This has been exploited by W-P. Li and the second named author in [12] . 

Another application is in the study of Donaldson-Thomas invariants of Calabi- 
Yau threefold. In Tl, the authors showed that the modified Kirwan blow-up of the 
moduli of semistable sheaves has an obstruction theory whose obstruction sheaf 
has a regular surjective cosection. Using this cosection, we can localize the virtual 
cycle and prove a wall crossing formula using master space construction and C*- 
localization. In comparison with Joyce's proof of the wall crossing formula, our 
proof does not use the Chcrn-Simons functional, and thus can possibly apply to a 
wider classes of moduli of derived objects over Calabi-Yau three-folds. 

The other potential application is the study of the GW-invariants of a three-fold 
A that is a P^-bundle over a surface S equipped with a holomorphic two-form 9. 
The two- form 9 on S pulls back to a two- form of A. Since the geometry of this 
two-form is explicit, one hopes that one can essentially reduce the study of the 
GW-invaraints of A to a ruled surface over the canonical divisor D C S. It will be 
interesting to see some part of this carried out in near future. 

Appendix A. Analytic analogue of localized Gysin maps 

In the case of schemes over C, we can construct an analytic analogue of the 
localized Gysin map by picking a smooth (C°°) section of bundle and intersecting 
with the cycle representative. This was the original approach adopted in [5]. Due 
to its potential application, we include it here. We will also prove the equivalence 
of the two constructions. 

For simplicity, we will work out the case of schemes. The case of orbifolds (DM 
stacks) is similar using multiple sections. Let tt : _E — ^ M be a rank r complex 
vector bundle over a reduced scheme AI, U C M an open subset and a : E\u ^^ Ojj 
be a surjective homomorphism. We denote AI{a) = M \U and denote E{cr) the 
kernel cone of cr, as defined before. We assume M{a) is compact. 

We first pick a splitting of cr over U . Because a is surjective, possibly by picking a 
hermitian metric on E we can find a smooth section a G C°° {E\ij^ so that aoa = 1. 
Next, we pick an analytic neighborhood V of M{a) C M such that V has compact 
(analytic) closure in M and the homomorphism 

i^ : H,{M{a),'Z)^H,{V,Z) 
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induced by the inclusion t : M{a) — ?> F is an isomorphism. Because M is algebraic 
and M{(j) is compact, such a neighborhood V always exists ([E]). We then extend 
a\M-v to a smooth section CTox G C°° [E) . and pick a smooth function p:M^- R-*° 
so that C = P ■ ^ex G C°° (E') is a small perturbation of the zero section of E. 

Now let B C E{a) be a complex d-dimensional closed subvariety. By fixing a 
stratification of B and of M by complex subvarieties, we can choose the extension 
dex and the function p so that the section ^ intersects B transversely. As a conse- 
quence, the intersection BD^,, which is of pure dimension, has no real codimension 
1 strata. Henceforth, it defines a closed oriented Borel-Moore cycle in E. 

But on the other hand, since a o ^\m-v = p & C°°{^M — V), C is disjoint 
from B over M — V . Thus T n ^ C E\v- Adding that V has compact (analytic) 
closure in M, 7r(i? n ^) defines a closed chain in V ^ thus defines a homology class 
[7r(i? n ^)] £ i?2d-2r(^, Z)- Finally, applying the inverse of i*, we define 

SkZ^m - *;'(k(S n 0]) e i/2d-2r(M(a), Z). 

Applying the standard transversality argument, one easily shows that this class 
is independent of the choice of V and the section ^; thus it only depends on the 
cycle B we begin with. 



Definition-Proposition A.l. The map s'^^ : ZdE{a) — ;■ H2d-2r{M{a),1,) so 
defined descends to a homomorphism 

s-£2 ■■ AdEia) -^ H2d-2r{M{<j),Z), 

which we call the analytic localized Gysin map. Furthermore, via the cycle-to- 
homology homomorphism cl : AkM{a) — > H2kiM{a),'Z,), the two version of localized 
Gysin maps coincide, i.e. cl o s-^ ^ ~ s^.™. 

Proof. The proof that s^^" preserves rational equivalence is standard and will be 
omitted. We now prove the comparison by using the notation of Section 2. If 
B C E\M(a)^ the result follows directly from [U Lemma 19.2 (d)]. So we suppose 
S n G y^ 0. We choose a u-regularizing morphism p : X ^>- M and a closed integral 
B C G such that p*[i3] = k ■ [B] where G is the kernel of cr : £^ ^ Ox{D) with 
E = p*E and p : E ^ E is induced from p. 

Observe that the intersections ^nB for defining s'^'^[B] and D-s'JB] for defining 
^E al-^] take place in the tubular neighborhood V of M{a) in the sense that if we 
replace M hy V and X by the inverse image of V and so on, we get the same 
classes. So for the purpose of the comparison result, we may assume that AI ^ V 
is a tubular neighborhood of M{a). 

Consider the fiber square of zero sections 




M^—-^E. 
By H Theorem 6.2], 

P*(s^[-S]) = Sep4B] ^ k ■ Se[B]. 
By the excess intersection formula [4, Theorem 6.3], 

p,{D ■ s'^[B]) ^ p,{s'^[B]) ^ k ■ s'e[B]. 
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cI{seJB]) = fc-i • dip^D ■ s'^m) = d(4[i?] 



Applying the cycle-to- homology homomorphisni cl, we obtain 

I 

By [H Lemma 19.2 (d)] again, this equals u^ n d{[B]), where u^ G H^''{E,E - M) 
is the orientation class of E. By standard arguments, the cap product of the 
orientation class is the same as intersecting B with a transversal perturbation S, of 
the zero section. This proves the Proposition. D 
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